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Abstract
We discuss general positivity conditions necessary for a definition of a
relativistic diffusion on the phase space. We show that Lorentz covariant
random vector fields on the forward cone p2 ≥ 0 lead to a definition of
a generator of Lorentz covariant diffusions. We discuss in more detail
diffusions arising from particle dynamics in a random electromagnetic
field approximating the quantum field at finite temperature. We develop
statistical mechanics of a gas of diffusing particles. We discuss viscosity
of such a gas in an expansion of the energy momentum tensor in gradients
of the fluid velocity.
1 Introduction
An approximation of the dynamics of a non-relativistic particle in an environ-
ment of other particles or random fields by a diffusion process has a long history
of success [1][2]. A direct generalization of the definition to the diffusion in con-
figuration Minkowski space does not work because the Minkowski space does
not have a non-negative scalar product [3][4] (see the reviews in [5][6]). One
could approach the problem of finding a realization of the diffusion by means of
random dynamics [2][7] . Kramers diffusion in the phase space can be obtained
by means of a random perturbation of Hamiltonian dynamics [7][8][9]. A rel-
ativistic generalization of the Kramers diffusion is uniquely determined by the
requirement that the diffusion process should stay on the mass-shell. Then, its
generator must be the Laplace-Beltrami operator on the mass-shell [10][11]. In
this paper we relax the mass-shell condition admitting a continuous mass spec-
trum (see some earlier papers on diffusions in four-dimensional momentum space
[12][13]). In fact, only stable free particles have a definite mass in relativistic
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quantum field theory. Composite particles and resonances would have a certain
mass distribution. When we give up the mass-shell condition then the manifold
of possible relativistic diffusions is increasing substantially ( a transport theory
of quantum particles with a continuous mass spectrum has been initiated in [14],
see also [15]). Any Lorentz covariant positive definite matrix defines a diffusion.
However, if the diffusion matrix is to depend only on the momentum pµ then
its arbitrariness is restricted to a scalar function of p2. Such diffusions have no
equilibrium ( they are analogs of the Brownian motion). On general physical
grounds the equilibrium depends on the frame of reference [16][17][18]. We can
describe the frame by a time-like unit vector wµ . If the diffusion matrix can
depend on both w and p then the set of diffusions is much larger. We deter-
mine the diffusions resulting from the requirement that they should have the
covariant (depending on p and w) Ju¨ttner equilibrium distribution [19].
The plan of the paper is the following. In the next section we discuss a posi-
tivity condition resulting from the assumption that the diffusion is defined by a
probability measure and is relativistic invariant. An unexpected relation of the
diffusion matrix to the energy momentum tensor is pointed out. This relation is
suggesting methods for a construction of relativistic diffusions. In this section we
introduce still another method of finding a positive definite and Lorentz covari-
ant diffusion matrix: the random dynamics. The square of a Lorentz covariant
vector field defines a positive definite diffusion matrix. If Φ is the probability
distribution of the diffusion process then it defines a current Nµ and the energy
momentum tensor of a stream of diffusing particles. In sec.3 we investigate
whether these (vector and tensor) currents can be conserved in analogy to the
non-relativistic Brownian motion (in the momentum space). We determine the
diffusion matrix and the drift of such conservative diffusions. In sec.4 we briefly
discuss a relation of the expectation value of the square of a random vector field
to the random dynamics ( Kubo’s diffusion approximation [20][21]). In sec.5
we consider a particle motion in a random scalar and electromagnetic fields.
We calculate an expectation value of the square of the vector field defining the
random dynamics. We show that the diffusion generator determined by the
random dynamics depends only on the field two-point correlation function at
coinciding points. The correlation functions at finite temperature depend on the
reference frame described by the unite time-like vector wµ. Using the vector
wµ we can define a drift by means of an expectation value of the electromag-
netic field Fµν . We have introduced such a drift in our earlier papers [22][23]
as a friction which brings the diffusion to the Ju¨ttner equilibrium on the basis
of the detailed balance condition (a generalization of the Ornstein-Uhlenbeck
process). In sec.5 we show that the diffusion process with a continuous mass
spectrum can be decomposed into the processes on the mass-shell introduced
first by Schay [10] and Dudley[11]. In sec.7 we introduce some notions of (non-
equilibrium) statistical physics (energy, entropy, free energy) for a stream of
diffusing particles and investigate their time evolution and a relation between
them. In secs.7 and 8 we initiate a hydrodynamic description of a stream of
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relativistic diffusing particles in analogy to the well-known description resulting
from the Boltzmann equation [24][25][26]. We show that the diffusion equation
leads to hydrodynamic equations similar to the ones of the Boltzmann fluid. As
a consequence we can apply the standard methods of an expansion in gradients
[25][26] for an approximation of these equations by a viscous (Navier-Stokes)
flow.
2 Some general positivity conditions on the dif-
fusion tensor
We begin with a general consideration of requirements imposed on the relativis-
tic diffusion. Explicitly Lorentz invariant evolution can be formulated in terms
of the proper time. Diffusion can be considered as classical dynamics in a ran-
dom field. In such an approach the proper time arises in the description of the
relativistic diffusion. Assume that there is a transition function Pτ (x, p;x
′, p′) in
the proper time τ . Then, the diffusion generator (restricted to the momentum
variables) is
A = dµν∂µ∂ν + bµ∂µ = ∂µ(dµν∂ν + bµ)− ∂µbµ − (∂νdµν)∂µ (1)
(we denote the derivatives over pµ by ∂µ and over x
µ by ∂xµ). In eq.(1) we
use two alternative ways to write the generator of the diffusion which will be
discussed later on. From the definition of the diffusion matrix
dµν = limτ→0〈τ−1(pµ(τ) − pµ(0))(pν(τ) − pν(0))〉
= limτ→0 τ
−1
∫
dp′Pτ (x, p;x
′, p′)(p′µ − pµ)(p′ν − pν), (2)
where 〈..〉 denotes a probabilistic expectation value. It follows
aµaνd
µν = limτ→0〈aµaντ−1(pµ(τ) − pµ(0))(pν(τ)− pν(0))〉
= limτ→0 τ
−1〈
(
a(p(τ)− p(0))
)2
〉 ≥ 0. (3)
If the process is Lorentz invariant then the generator (1) must be built from
Lorentz tensors. It is easy to see that a homogeneous (dµν independent of p)
process does not exist if dµν is to be built solely from the Minkowski metric
ηµν = (1,−1,−1,−1) because ηµν is not positive definite. Eqs.(1)-(3) hold
true if τ = x0 (the coordinate time) and x → x (only the space coordinates
diffuse) but the Lorentz invariance is not explicit. A formulation of the Lorentz
invariance is more complicated in this case.
We may extend the search for relativistic diffusions to generally covariant
theories. We note that from equations of general relativity the Einstein tensor
Gµν = Rµν − 1
2
gµνR = θµν , (4)
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where Rµν is the Ricci tensor and gµν is a pseudoRiemannian metric, satisfies
the positivity requirement
aµaνG
µν ≥ 0,
if the energy momentum θµν is positive definite . Then, both the Einstein tensor
and θµν could be chosen as the diffusion tensors. As an example of θµν we could
take the one of an ideal fluid (discussed further in this paper) or the energy
form of a map φ:M →M between Riemannian manifolds [27]
θµν = gab(φ)∂µφ
a∂νφ
b, (5)
where M is the Minkowski space-time and M is the Riemannian manifold
equipped with the metric gab.
A general positive definite matrix T µν has the representation [28]
T µν =
∫
dkG˜(k)kµkν , (6)
where G˜(k) ≥ 0. In the model (5) we obtain
G˜δ(k + k′) = 〈gab(φ)φ˜a(k)φ˜b(k′)〉, (7)
if the expectation value 〈..〉 is translation invariant (φ˜ denotes the Fourier trans-
form of φ).
If G˜ depends only on k and is Lorentz invariant then the argument that a
positive definite dµν does not exist (as discussed after eq.(3)) still applies. We
cannot define T µν by means of eq.(6)using a Lorentz invariant G˜(k) function of k
because for such G˜(k) the integral (6) would be divergent. We shall assume that
G˜(k, w) is a Lorentz invariant function of k and an additional vector w ∈ V+
(without the loss of generality we may assume w2 = 1). In such a case the
tensor T µν must be of the form
T µν(x) = α(x)wµ(x)wν (x)− ω(x)(ηµν − wµ(x)wν (x)), (8)
where ηµν is the Minkowski metric, α and ω are some Lorentz invariant non-
negative functions. We can express them by T
α =
∫
dkG˜(wk)2 = wµTµνw
ν , (9)
ω =
1
3
∫
dkG˜((kw)2 − k2) = 1
3
(wµTµνw
ν − T µµ ). (10)
If the support of G˜ is in V+ then α ≥ 3ω as
α = 3ω +
∫
dkG˜k2. (11)
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By means of the tensor T µν we can define some new diffusion tensors , e.g.,
dµσ = (−ηµσTνρ + ηµρTνσ − ηνρTσµ + ηνσTµρ)pνpρ. (12)
If G˜ is non-negative and is vanishing for k2 < 0 then eq.(12) defines an admissible
diffusion tensor (satisfying the inequality (3)), as we show in sec.5.
There is another way to find a positive diffusion matrix. We can find a
diffusion generator assuming random dynamics. Let A(s) be a random flow (the
first order differential operator) depending on the proper time s. We consider
Yτ =
∫ τ
0
dsA(s) (13)
Then, we define
Y 2 = limt→0 Y
2
τ τ
−2 = limτ→0 τ
−2 1
2
∫ τ
0
∫ τ
0
dsds′(A(s)A(s′) +A(s′)A(s)).
(14)
If Y = αµ∂µ then (Y
+ denotes an adjoint of Y in L2(dp))
〈Y 2〉 = −〈Y +Y 〉+ 〈αµ∂µαν〉∂ν .
The first operator on the rhs is negative definite (because Y +Y is non-negative).
It is of the form −dµν∂µ∂ν + bµ∂µ. Then, it follows from the theory of partial
differential operators of the second order ( [29],sec.12) that the matrix dµν sat-
isfies the positivity condition (3) (because the operator Y +Y must be elliptic).
The operator (14) in general is degenerate, i.e., reduced to a lower dimensional
(as a rule one dimensional) second order differential operator. In general, it is
only covariant under Lorentz transformations. If the random field is Lorentz
covariant and we take a mean value of the square in eq.(14) then we obtain a
non-degenerate invariant negative definite second order differential operator on
the phase space. This is a good candidate for a generator of the relativistic dif-
fusion. The randomness may come from a classical approximation of quantum
fluctuations. In the next section we discuss some additional conditions imposed
on the diffusion equation resulting from its probabilistic interpretation. In the
subsequent sections we show that the methods (6) and (14) are related to each
other. Moreover, the diffusion generated by Y 2 of eq.(14) approximates random
dynamics.
3 The relativistic diffusion with a continuous
mass spectrum
We define the diffusive evolution of observables (functions of position and mo-
mentum) by the differential equation in the proper time
∂τφ = p
µ∂xµφ+Aφ. (15)
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An evolution of the probability distribution Φ in the proper time τ is determined
by the duality
Φτ (φ) =
∫
dpdxσ(p, x)Φ(p, x)φτ (p, x), (16)
where σ is a Lorentz invariant non-negative function (distribution). The dy-
namics of the probability distribution Φ in the coordinate (laboratory) time is
derived from the requirement that Φ does not depend on τ . This condition gives
the transport equation
pµ∂xµΦ = A+Φ = dµν∂µ∂νΦ +Bµ∂µΦ +QΦ, (17)
where A+ is the adjoint of A (1) in L2(dpσ). The functions B and Q can
be determined from the definition of the adjoint operator and eq.(1). For the
probabilistic interpretation we need a conservation of the current
Nµ =
∫
dpσpµΦ. (18)
A Lorentz invariant distribution σ in quantum theory of resonances is of the
form
σ(p2) =
∫
dm2δ(p2 −m2)s(m2)θ(p0), (19)
where m has the meaning of a mass and θ denotes the Heaviside step function.
If σ is independent of x then the requirement ∂xµN
µ = 0 leads to the equation
∂α∂ρ(d
αρσ)− ∂α(Bασ) +Qσ = 0. (20)
(under the assumptions that σd is vanishing at p = 0 and p = ∞, so that the
boundaries do not contribute to the integration by parts formula).
We assume first that the coefficients in A+ depend only on p. From eq.(20)
we obtain pαdαρ = 0 (because ∂ασ = σ
′2pα and from eq.(20) d
αρ∂ρσ must
vanish if eq.(20) is to be satisfied for any σ(p2)) . Hence,
dµν = PµρCραP
αν . (21)
where Pµν is the projection operator
Pµν = ηµν − (p2)−1pµpν . (22)
If the diffusion depends only on p then from the Lorentz invariance Cµρ =
−ηµρp2γ. From eq.(21)
dµν = −γp2Pµν (23)
and
bµ = λpµ, (24)
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where λ and γ ≥ 0 are functions of p2. Let us note that the matrix dµν (23)
can be derived from eq.(6) when
φµ = (xµ − pµpx)√γ
with gab → ηµν . The matrix d of eq.(23) is positive definite if and only if the
spectral condition arising from eq.(19) is satisfied.
The current Nµ is conserved if (from eq.(20))
Qσ = 4λσ + 2(λσ)′p2 − 6(γσ)′p2 − 12γσ. (25)
We consider also the energy momentum tensor of a diffusing particle
θµν =
∫
dpσΦpµpν . (26)
The energy momentum is conserved if
∂α∂ρ(d
αρpνσ)− ∂α(pνbασ) +Qσpν = 0. (27)
Explicitly, with the representation (23) and (24)
Qσ = 5σλ− 18γσ + 2(λσ)′p2 − 6(γσ)′p2.
We can see that both equations (25) and (27)(for the current conservation and
the energy momentum conservation) are satisfied if
γ =
1
6
λ ≡ κ2a(p2). (28)
In such a case
A = −κ2a(p2)p2Pµν∂µ∂ν (29)
(where a(p2) ≥ 0 is assumed to be a regular function at p2 = 0 vanishing at
infinity). The diffusion generated by the operator (29) is the analog of the non-
relativistic (Kramers) Brownian motion which also gives a conservation of the
current and the stress tensor (T 0j = N j , T lk)(the non-relativistic limit of eq.(17)
with A of eq.(29) coincides with the Kramers diffusion; the diffusion of Schay
[10] and Dudley [11] has the same non-relativistic limit but does not preserve
the energy momentum). If the current and energy momentum conservations are
satisfied then the transport equation reads
pµ∂xµΦ = A+Φ = −κ2a(p2)p2Pµν∂µ∂νΦ + 6κ2a(p2)pµ∂µΦ+QΦ, (30)
where
Q = 12κ2 + 6κ2σ−1(σa)′p2. (31)
The diffusion (30) has an immediate generalization to an arbitrary metric gµν
on a pseudoRiemannian manifold M . For this purpose it is sufficient to re-
place ηµν in the definition of Pµν (22) by a general metric gµν and add the
7
geodesic correction Γµνσp
νpσ∂µΦ (where Γ’s are the Christoffel symbols) on the
rhs of eq.(30). In such a case the energy momentum tensor (26) of the diffusing
particles can be put on the rhs of the Einstein equations (4). If the energy
momentum is not conserved then a varying cosmological constant is needed in
order to describe the Riemannian geometry of a diffusing matter [30].
The diffusion (30) has no equilibrium. An additional friction drift fµ in
eq.(30) is needed if the diffusion is to equilibrate. The equilibrium state depends
on the frame of reference [17][18]. We denote the velocity of the frame by wµ
(where wµwµ = 1). Then, the drift is to depend on p
µ and on wµ. We consider
a generalization of eq.(30) of the form
pµ∂xµΦ = A+f Φ = −κ2a(p2)p2Pµν∂µ∂νΦ+ 6κ2a(p2)pµ∂µΦ+ σ−1∂µ(fµΦ) +QΦ
(32)
We have inserted the drift f in eq.(32) in such a way that the current con-
servation ∂xµN
µ = 0 is automatically preserved. With the drift fµ the energy
momentum conservation fails
∂xµθ
µν = −
∫
dpΦfν . (33)
Eq.(33) describes an exchange of energy with an environment (the heat bath).
The equilibrium is determined by the requirement
A+f ΦE = 0. (34)
A+f can be written in the second form of eq.(1)
A+f = −σ−1∂µ(κ2σa(p2)p2Pµν∂ν − 3κ2σa(p2)pµ − fµ). (35)
It follows from eq.(35) that if
fµ = κ2σap2Pµν∂ν lnΦE − 3κ2aσpµ, (36)
then eq.(34) for the equilibrium is satisfied. In particular, for the Ju¨ttner dis-
tribution [19]
ΦE = exp(−βwp−Kp2) (37)
(where K is an arbitrary non-negative constant and β has the meaning of the
inverse temperature) we have
fµ = −βκ2aσp2Pµνwν − 3κ2aσpµ. (38)
The divergence of the energy momentum is expressed again by the energy mo-
mentum and the conserved current (18) if a = σ = 1. Then
∂xµθ
µν = 3κ2Nν − βκ2(θνµwµ − wνθµµ). (39)
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Eq.(39) remains true on the mass-shell [31]. We obtain eq.(36) in a model of the
dynamics of a relativistic particle in a random electromagnetic field in sec.5. The
non-relativistic limit of the diffusion (36) coincides with the Ornstein-Uhlenbeck
process
∂tΦ = −p∇xΦ+ ∂j(∂j + β(pj − wj))Φ,
which has a current conservation but no energy momentum conservation (be-
cause of friction).
Instead of adding a friction fµ to eq.(30) we first could look for a general
solution of the positivity requirement upon the diffusion matrix (21). We do
not know a general solution of the problem. From a study of a particle motion
in a random electromagnetic field in sec.5 we obtain
Cµν = −ap2ηµν + b(ηµν(pw)2 + p2wµwν) (40)
where a and b are non-negative constants. The friction term leading to the
Ju¨ttner equilibrium (37) will also be derived in sec.5 from a particle interaction
with a random electromagnetic field.
4 Random dynamics
Explicitly Lorentz invariant relativistic dynamics can be expressed in the proper
time τ [32]
dxµ
dτ
= pµ, (41)
dpµ
dτ
= Rµ(x, p). (42)
A function W of observables evolves as
∂τW = p
µ∂xµW +R
µ∂µW ≡ (X + Y )W, (43)
where
X = pµ∂xµ. (44)
The current (18) (Φ =W ) is conserved if
∫
dpW∂µ(R
µσ) = 0 (45)
Let
Y (s) = exp(−sX)Y exp(sX) = Rµ(x− ps, p)(∂µ + s∂xµ), (46)
where
Y = Rµ∂µ
Then, the solution of eq.(43) can be expressed in the form
Wτ = exp(τX)W
I
τ , (47)
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where
∂sW
I
s = Y (s)W
I
s . (48)
We assume that Rµ are random variables . In general, we have the cumulant
expansion for the expectation value
〈Wt〉 = exp(τX) exp
( ∫ t
0
ds〈Y (s)〉+ 1
4
∫ t
0
ds
∫ s
0
ds′〈(A(s)A(s′) +A(s′)A(s))〉 + ....
)
W.
(49)
here
A(s) = Y (s)− 〈Y (s)〉
If [Y (s), Y (s′)] = 0 and Y is a linear function of Gaussian variables then eq.(49)
is exact (with no higher order terms). The approach of Kubo [20]-[21] approx-
imates the random Liouville operator on the rhs of eq.(49) by an expectation
value of its square.
The expansion of the dynamics (43) till the second order term reads
〈Wτ 〉 =W + τpµ∂xµW + τpµ∂xµ
∫ τ
0
ds〈Y (s)〉W
+
∫ τ
0
ds〈Y (s)〉W + 1
2
(
∫ τ
0
ds〈Y (s)〉)2W + 1
2
〈(∫ τ
0
dsA(s))2〉W + ... (50)
In the expansion (50) we find the τ2 term of eq.(14). There is also the first
order differential operator (of the first order in τ) which can be defined by
K1 = lim
τ→0
∫ τ
0
ds〈Y (s)〉τ−1.
Then, there appears in eq.(50) a term which is of the first order in derivatives
and the second order in time. It can be defined by means of the formula
K2 = lim
τ→0
( ∫ τ
0
ds〈Y (s)〉 −K1τ
)
τ−2. (51)
〈Y 2〉 +K2 determines the diffusion generator (where Y 2 is defined in eq.(14)).
The expansion (49) shows that the diffusion generated by 〈Y 2〉+K2 is related
to random dynamics. In fact, Kubo shows [20]that the τ2 behaviour in random
dynamics at times short in comparison to the correlation time goes into the
diffusive τ behaviour at times large in comparison to the correlation time. His
argument is equivalent to the rigorous Markov approximation of ref.[9] which
is using a time rescaling from a microscopic time to the macroscopic time. In
the next section we calculate the expectation values in eq.(50) for a particle in
a random electromagnetic field.
5 Motion in a random scalar and electromag-
netic fields
The simplest example of Rµ in eq.(42) is defined by a scalar field φ
Rµ = ∂
x
µφ.
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Then, Y 2 of eq.(14) has the form
A = T µν∂µ∂ν , (52)
where T µν has been calculated in eqs.(6)-(8). We do not develop this diffusion
any further because in the rest frame (w = (1, 0, 0, 0) and α = 0) it coincides
with the Brownian motion. We can consider Rµ constructed from higher rank
tensor fields and pµ. In this paper we restrict ourselves to
Rµ = Rµνpν , (53)
where Rµν is the antisymmetric tensor of an electromagnetic field. The electro-
magnetic current is
Jν = ∂µRµν (54)
We assume that
〈J µ〉 = rwµ (55)
with a certain constant r. We split
Rµν = F avµν + Fµν (56)
where F av is the mean value of R. Fµν has zero mean value and is Poincare
invariant. rwν has the meaning of a constant current. The current (54) results
from a charge r moving with the velocity wµ. We can obtain such a current
in a finite temperature quantum field theory of interacting electromagnetic and
complex scalar fields. The density matrix is
exp(−βP νwν) (57)
where Pµ is the four-momentum of the quantum fields and w
µ describes the
moving frame. Then, calculating the expectation value (of the current (54) of
the quantum scalar complex field φ interacting with a quantum electromagnetic
field) we obtain
〈Jµ〉β = iT r
(
exp(−βP νwν)(φ∂xµφ− φ∂xµφ)
)
=
∫
dkk−10 kµ(exp(βkw) − 1)−1 = rwµ
(58)
(with a certain constant r). There is another way to see that an introduction
of a current leads to a non-zero expectation value of ∂σRµν . If we add the
term
∫
A0dx to the Hamiltonian of the quantum electromagnetic field or in a
covariant and gauge invariant way the term
∫
Aµw
µdx to the action (here Aµ
is the electromagnetic vector potential) then 〈Rµν,σ〉 6= 0.
We assume that an average 〈·〉 over F is defined which preserves the Lorentz
symmetry. This means that the two-point function defined by
〈Fµν(x)Fσρ(x′)〉 = Gµν;σρ(x− x′) (59)
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is a tensor. Gµν;σρ is symmetric under the exchange of indices (µν;x) and
(σρ;x′) and antisymmetric under the exchange µ → ν and σ → ρ. We impose
the Bianchi identities
Rµν,σ +Rσµ,ν +Rνσ,µ = 0 (60)
on the tensor field R. In terms of the two-point function
∂αǫ
αβµνGµν;σρ = 0. (61)
In Fourier transforms eq.(61) reads
〈F˜µν(k)F˜σρ(k′)〉 = G˜µν;σρ(k)δ(k − k′), (62)
where G˜µν;σρ(k) is a tensor which must be constructed from the vectors kµ,wµ
and the fundamental four-dimensional tensors ηµρ and ǫµνρσ. Hence,in general
we could have
G˜µν;σρ(k) = a1(ηµσkνkρ − ηµρkνkσ + ηνρkµkσ − ηνσkµkρ) + a0ǫµνσρ
+a2(ηµσwνkρ − ηµρwνkσ + ηνρwµkσ − ηνσwµkρ)
+a3(ηµσwνwρ − ηµρwνwσ + ηνρwµwσ − ηνσwµwρ)
(63)
However, the Bianchi identities (61) and the requirement of positivity of the
probability measure in eq.(59) (see [33]) lead to a0 = a2 = a3 = 0 (in the case
of a quantum free electromagnetic field at finite temperature we obtain also the
representation (63) where only a1 6= 0). We have
Gµν;σρ(x, x
′) =
∫
dkG˜µν;σρ(k) exp(ik(x− x′))
=
∫
dkG˜(k) exp(ik(x− x′))(ηµσkνkρ − ηµρkνkσ + ηνρkµkσ − ηνσkµkρ) (64)
and
〈Fµν(x)Fσρ(x′)〉β = −Dµν;σρG(x− x′), (65)
where
Dµν;σρ = −ηµσ∂ν∂ρ + ηµρ∂ν∂σ − ηνρ∂σ∂µ + ηνσ∂µ∂ρ (66)
The two-point function is positive definite if and only if G˜(k) in eq.(64) satisfies
the condition
G˜(k) ≥ 0 (67)
and G˜(k)=0 if k2 < 0[33].
It follows from eq.(64) that
(Dµν;σρG)(0) = ηµσTνρ − ηµρTνσ + ηνρTσµ − ηνσTµρ, (68)
where Tµν is defined in eq.(6).
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It is instructive to see the relation between T and the energy-momentum
tensor θµν for the electromagnetic field. We have
θνρ = η
µσFµνFσρ − 1
4
ηνρFασF
ασ. (69)
Hence, the expectation value of the energy momentum tensor is expressed as
〈θµν〉 = 2Tµν − 1
2
ηµνT
ρ
ρ (70)
We can show that in eq.(51)
K1 = 〈Rµν〉pν∂µ (71)
and that the rhs of eq.(52) can be expressed as( ∫ τ
0
ds〈Y (s)〉 −K1τ
)
τ−2 = τ−2
∫ τ
0
ds
∫ s
0
ds′∂σF
av
µν (x− (s− s′)p)pσpν∂µ
(72)
Then, taking the limit τ → 0 in eq.(72) we obtain
K2 = 〈∂σRµν〉pσpν∂µ (73)
We apply the covariance (65) to calculate the expectation value of the square
of the Liouville operator. In this way we calculate the τ2 term in the expansion
(49). Then, (A(s) is defined below eq.(49))
Y 2 = limτ→0
1
τ2
〈(∫ τ
0
A(s)ds)2〉 = limτ→0 12τ2
∫ τ
0
ds
∫ τ
0
ds′〈A(s)A(s′) +A(s′)A(s)〉
= (ηµσT νρ − ηµρT νσ + ηνρT µσ − ηνσT µρ)pν∂µpρ∂σ
(74)
If we apply the formulas (8) then we obtain
Y 2 = −2ω∂µPµνp2∂ν
+(ρ+ ω)((wp)2∂µ∂
µ − 2wpwµpρ∂µ∂ρ + p2wµwρ∂µ∂ρ − w2pν∂ν − 2wpwν∂ν) ≡ Aw
(75)
The limit in eq.(74) depends only on DG(0) of eqs.(65)and (68). It does not
depend on pµ. The dependence on pµ of Dµν;ρσG((s − s′)p) in eq.(49) is of
higher than the second order in τ(because after integration in eq.(49) over s
and s′ we obtain a factor τ3).
The transport equation determined by the diffusion Y 2 +K2 (eqs.(75) and
(73)) reads (it is an extension of eqs.(21),(32) and (40))
pµ∂xµΦ = A+f Φ = ∂µ(Dµ + fµ)Φ
≡ ∂µ
(
− aPµνp2∂ν − rp2Pµνwν + b((pw)2∂µ − (wp)(wµpρ + wρpµ)∂ρ + p2wµwρ∂ρ)
)
Φ
(76)
Here, a = 2ω, b = ρ + ω and the drift (as discussed in sec.3) resulting from
eq.(73) is
fµ = −rp2Pµνwν . (77)
r is an arbitrary real parameter which could be determined from the original
model of random dynamics(as in eq.(58)).
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6 Restriction to the mass-shell
First, we discuss the diffusion at zero temperature corresponding to w = 0 in
eq. (76). The calculations of 〈Y 2〉 in sec.5 lead to the following analog of the
Brownian motion
∂τΦ ≡ GΦ = pµ∂xµΦ + κ2△PΦ (78)
where κ2 is a diffusion constant and
△P = −∂µPµνp2∂ν (79)
and G is an operator in the phase space of points (x, p) such that p2 ≥ 0 and
p0 ≥ 0 . The operator −△P can be defined as a symmetric positive definite
operator in L2(dpσ) (it is symmetric also in L2(dp))
(f1,△P f2) = D(P∂f1, p2P∂f2) =
∫
dpσ(p)p2Pµν∂µf1∂νf2. (80)
Let us consider the direct integral of Hilbert spaces
H =
∫
dm2s(m2)Hm
where
(f1, f2)m =
∫
d4pδ(p2 −m2)f1(p)f2(p) (81)
Define the bilinear form
g(∂f1, ∂f2)m =
∫
d4pδ(p2 −m2)γjk∂jf1∂kf2 ≡ (f1,−△mHf2)m (82)
with
γjk = m2δjk + pjpk (83)
and
△mH = γ−
1
2 ∂jγ
jkγ
1
2 ∂k. (84)
The operator △mH is the Laplace-Beltrami operator on the hyperboloid pµpµ =
m2. γ = det(γjk) and γ
−1 = m4p20, p0 =
√
m2 + p2, k = 1, 2, 3 . The operator
△H in Eq.(84) can be expressed in coordinates p as
△mH = (δjlm2 + pjpl) ∂∂pl ∂∂pj + 3pl ∂∂pl (85)
We have ∫
dm2s(m2)g(∂f1, ∂f2)m = −D(P∂f1, p2P∂f2). (86)
On the lhs of eq.(86) in each Hm we can express the derivatives either by pµ or
by pj treating p0 as a function of pj . The relation between the derivatives is
∂˜j = (∂jp0)∂0 + ∂j . (87)
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The functions fj depend on a four-vector p. On the rhs of eq.(86) we have an
explicitly Lorentz invariant formula expressed by Lorentz vectors and a measure
which is a scalar. On the lhs the Lorentz invariance is not explicit. The lhs is
explicitly positive definite whereas the positive definiteness of the rhs is not
obvious.
△mH is the generator of the diffusion defined first by Schay[10] and Dudley[11].
The drift (77) can also be restricted to the mass-shell [22]-[23] (it determines
the exponential speed of the decay to the equilibrium, see [34]).
7 Thermodynamics of diffusing particles
We are interested in this section in a thermodynamic description of a system of
diffusing particles in models which have an equilibrium solution. We find the
equilibrium solution in the model (76) from the requirement
(Dµ − rp2Pµνwν)ΦE = 0. (88)
We obtain the Ju¨ttner equilibrium (37) if
r = β(a− b) = β(ω − α). (89)
ΦE is also an equilibrium solution of the model (35)-(36) with r = κ
2β.
From eq.(76) we obtain
∂xµΘ
µν = −(b− 3a)Nν + rΘµµwν − rΘµνwµ − 2bwνwµNµ. (90)
In the model (35)-(36) we have b = a = 0 on the rhs of eq.(90).
We can introduce thermodynamic notions useful in a description of a stream
of relativistic diffusing particles. We define the relative entropy current (Kulback-
Leibler entropy; we follow definitions of our earlier paper [31] concerning the
model on the mass-shell)
S
µ
K = N
−1
∫
dpσ(p)pµΦ ln(N−1ΦNEΦ
−1
E ). (91)
Here,
N =
∫
dxN0 (92)
is the charge normalization constant (NE in the case of the equilibrium). It
follows that Ω = N−1σ−1p−10 Φ has the meaning of the probability density (on
the mass-shell N−1Φ is the probability density). It can be shown that
∫
dxS0K ≥ 0 (93)
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and
∂µS
µ
K = −N−1
∫
dpσ(p)Φαµν∂µ lnR∂ν lnR, (94)
where R = ΦΦ−1E . α
µν comes from the formula (76) where
Dµ = αµν∂ν . (95)
From positive definiteness of −Aw the momentum dependent coefficients αµν
satisfy the positivity condition aµaνα
µν ≥ 0 (see our discussion after eq.(14)).
It follows that
∫
dxS0K is a positive function decreasing monotonically to zero
(it can be interpreted as the entropy of the system plus its heat bath). The
entropy current of the particle system is
Sµ = −N−1 ∫ dpσ(p)pµΦ lnΦ. (96)
We have
∂µS
µ = N−1
∫
dpσ(p)Φαµν∂µ lnΦ∂ν lnΦ− 3rwµNµ. (97)
The entropy is defined as
S =
∫
dxS0. (98)
Then
∂0S = N
−1
∫
dpσ(p)Φαµν∂µ lnΦ∂ν lnΦ− 3rN−1wµ
∫
dxNµ. (99)
We may choose the frame w = (1,0). Then,
wµ
∫
dxNµ =
∫
dxN0 = N ≥ 0 (100)
So, the first term on the rhs of eq.(99) is positive whereas the second is negative.
We define the free energy
F = β−1N
∫
dxS0K −Nβ−1 ln(NN−1E ) (101)
and the energy
W =
∫
dxθ00. (102)
Then, the basic thermodynamic relation (at fixed temperature)
β−1S =W −F (103)
comes out as an identity. The time evolution of each term in eq.(103) is deter-
mined by eqs.(39),(91) and (99). From eq.(103) we can see that the decrease of
∂0S in eq.(99) is caused by the decrease of W in eq.(103).
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8 Fluid velocity and the macroscopic energy mo-
mentum
On the basis of the diffusion theory we can develop a hydrodynamic description
of a gas of diffusing particles. We define the density (a scalar)
ρ(Φ) =
∫
dpσ(p)Φ (104)
and the mean momentum
vµ = ρ(Φ)−1Nµ (105)
We can write the energy-momentum tensor in the form
θµν = ρvµvν + τµν (106)
where
τµν =
∫
dpσ(p)(pµ − vµ)(pν − vν)Φ (107)
Let
n2 = vαv
α (108)
vµ = nuµ (109)
Then, uµu
µ = 1. We define the projection operator
hµν(u) = ηµν − uµuν (110)
such that uµh
µν = 0. In general, we can write
τµν = −Πhµν + σµν (111)
(for a gas of free relativistic particles in an equilibrium we have σµν = 0). So,
we write the energy momentum tensor in the form
θµν == Euµuν −Πhµν + σµν (112)
where
E = ρn2 (113)
We shall discuss in more detail the models (35)-(36) and (76) with b = 0 (in
these models fluid equations have a simple interpretation). As discussed in
[35][36][37] the relativistic fluid equations are projections of the conservation
laws. Let us identify the divergence equations (39) with the equations resulting
from the definition of the energy-momentum tensor (112) (calculating hαν∂µθ
µν
in two ways)
−(E +Π)uµ∂µuα + hαν∂νΠ− hαν∂µσµν
= βκ2hαν
(
−Πwν + wµσµν − wν(E − 3Π + σµµ)
)
.
(114)
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Let us note that the fluid equations do not depend on the Nν-term in eq.(90).
When there is no friction (β = 0 ) we obtain the same equations as the ones of
Landau and Lifshitz [36]. The non-relativistic limit of eq.(114) gives (Euler or
Navier-Stokes depending on σµν) fluid equations.
9 Viscosity of relativistic diffusing particles
The velocity wµ in the transport equation (76) is an arbitrary auxiliary variable.
In this section we allow wµ to depend on x. We can interpret an equation with
x- dependent w either as the diffusion with friction in a frame moving with the
local velocity wµ(x) or as the diffusion of a stream of particles in a fluid moving
with the velocity wµ(x) and playing the role of the heat bath. In the state
ΦE = exp(χ(x)− β(x)pw(x)) (115)
the particle mean velocity is uµE(x) = w
µ(x). ΦE satisfies the equation A+wΦE =
0 but the lhs of eq.(76) is different from zero depending on the derivatives of
the velocity w, temperature β−1 and the density exp(χ(x)). Then, ΦE(x, x0)
evolves from an initial time x0 according to the diffusion equation (76). The
initial ΦE and its subsequent time evolution constitute a useful description
of a state close to the local equilibrium. In this section we discuss the time
evolution of ΦE (115) and the fluid velocity in more detail ((115) is an analog of
the local equilibrium of the non-relativistic Boltzmann equation discussed in an
elementary way in [26] and in a more advanced form in [25]; for the relativistic
case see [38][39] and [40]) .
The mean momentum vµ of the stream in the state ΦE is
ρEv
µ
E =
∫
dpσ(p)pµ exp(−βpνwν(x)) = nEρEwµ(x), (116)
where
ρE =
∫
dpσ(p) exp(−βpνwν(x)).
nE is the normalization of v
µ
E = nEw
µ. We have
nEρE =
∫
dpσ(p)pw exp(−βpw) = ∫ dm2s(m2)nmρmE (117)
where nm in
nmρ
m
E =
∫
dpδ(p2 −m2)pw exp(−βpνwν(x)) (118)
is the value of n calculated on the mass-shell (see e.g. [39]).
In this section we consider the models (35)-(36) or (76) with b = 0 discussed
in sec.7. We express the transport equation as the diffusion equation in an
invariant time variable
τ = xµw
µ (119)
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( different from τ in eqs.(15) and (41); the deterministic proper time satisfies
τ = x0 in the particle rest frame whereas for the time (119) we obtain τ = x0
in the observer’s rest frame). We may change the coordinates (x0,x) → (τ,x)
and (p0,p)→ (q,p) where
q = wµpµ (120)
In such a case
pµ∂
µ
x = q∂τ + p∇x + pµxν∂xµwν∂τ ≡ q∂τ +D (121)
Let us consider
Φ = ΓΦE (122)
Then,
pµ∂xµΓ = AΓ− (pµ∂xµ lnΦE)Γ (123)
In new coordinates
q∂τΓ = AΓ−DΓ− (pµ∂xµ lnΦE)Γ (124)
The solution of eq.(124) can be expressed by an exponential of q−1(A− D). If
in the lowest order we neglect the second order space-time derivatives and the
squares of the first order derivatives of w in Γ then the solution of eq.(124) reads
Γ(x) = 1− q−1
∫ τ
0
ds exp((τ − s)q−1A)pµ∂xµ lnΦE(s,x) (125)
Taking only the lowest eigenvalue ν > 0 of −q−1A in eq.(125) we obtain the
relativistic relaxation time approximation from the formula
∫ τ
0
ds exp(−ν(τ − s))F (s) ≃ ν−1F (τ) (126)
true for large ν. Then, the lowest order relativistic relaxation time approxima-
tion reads
Φ− ΦE = ν−1q−1pµ∂xµΦE . (127)
We obtain ν if we can calculate the time evolution (125). We are able to do this
only in the high energy limit q−1p2 → 0. Such a limit is equivalent to the limit
m→ 0 in eq.(76). The time evolution (125) can be calculated exactly [41][31]in
this limit and the relaxation time approximation is achieved with ν = βκ2. In
general, in order to obtain a local in time fluid equation we need a local in
time relativistic approximation to the solution (125). The result of such an
approximation can be inferred from the relativistic invariance. The relativistic
invariant (local in time) approximation to eq.(125) must be of the form
Γ(p, x) = 1 + ∂xµwν(x)(a0p
µpν + a1w
µpν) + a2p
µ∂µχ
+a3p
µ∂µβ + a4w
µ∂µχ+ a5w
µ∂µβ,
(128)
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where aj(τ, pw, p
2) are scalars depending on the available Lorentz scalars τ, pw
and p2. In the relaxation time approximation we have
a0 = −(νpw)−1
and aj = 0 for j > 0.
Inserting this Γ in eqs.(18) and (105) we can obtain a formula for the cur-
rent, from eq.(107) the formula for the energy momentum. We could derive the
general tensor form of these expressions. Subsequently, from the equations of
conservation of the current and the energy momentum we obtain differential
equations for the velocity, temperature and the density. The calculations have
been performed explicitly in the relaxation time approximation to the Boltz-
mann equation in the classic paper [42]. We would like to concentrate here
on the appearance of the viscosity (which is of interest for high energy physics
[43]) in the approximation (125). For this purpose it is sufficient if we restrict
ourselves to β = const and χ = const . In such a case
ρ(Φ)vµ = nEρEwµ + c1ρEw
ν∂xνwµ(x) + c2ρEwµ∂
x
νw
ν(x) (129)
where c1 and c2 can be calculated from eqs.(18) and (105) as integrals over
p depending on the functions a0 and a1. In the case of the relaxation time
approximation the constants c1 and c2 are determined by the integrals
sµ1....µn =
∫
dm2s(m2)
∫
dpδ(p2 −m2)(pw)−1ΦEpµ1 ....pµn (130)
calculated in [42]. The tensor on the rhs of (130) is expressed by wµ and ηµν .
The energy momentum tensor has the form
θµν = θµνE +
∫
dσpµpν(Γ− 1)ΦE = (E +ΠE)wµ(x)wν (x)− ηµνΠE
+δ0(∂
µ
xw
ν(x) + ∂νxw
µ(x)) + δ4η
µν∂xαw
α − δ3wµ(x)wν (x)∂xαwα(x)
−δ1(wµ(x)wα(x)∂xαwν(x) + wν(x)wα(x)∂xαwµ(x)),
(131)
where E and ΠE are the energy and pressure of the Ju¨ttner gas (they are con-
stants if χ and β are constants in eq.(115)). δj can be calculated if the functions
a0 and a1 are known (in the relaxation time approximation we determine δj from
integrals of the form (130)). We can express u by w from eq.(129)
uµ = wµ + c1n
−1
E w
ν∂xνw
µ. (132)
We can see that till the terms first order in gradients we have
∂xαu
µ = ∂xαw
µ (133)
and
wµ = uµ − c1n−1E uν∂xνuµ. (134)
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Now, we can replace w in θµν by u and its derivatives. We have
θµν = (E + ΠE)u
µuν − ηµνΠE + σµνE (135)
where
σ
µν
E = −σ1(uνuσ∂xσuµ + uµuσ∂xσuν) + δ0(∂µxuν + ∂νxuµ)− δ3uµuν∂xαuα + δ4ηµν∂xαuα.
(136)
Here
σ1 = δ1 + (E +ΠE)c1n
−1
E (137)
The current conservation and eq.(133) give (when χ and β are kept constant in
eq.(115))
∂xµu
µ = 0. (138)
Eq.(114) rewritten in terms of σµνE (136) with w
µ (134) expressed by uµ reads
ǫuµ∂µuα = −hαν(u)(δ0∂µxhµσ∂σxuν − (σ1 − δ0)(uρ∂xρ )2uν), (139)
where
ǫ = E +ΠE + βκ
2(−3ΠEc1n−1E + δ0 − δ1). (140)
In eq.(139) we have omitted the squares of the gradients of uµ. This is the
relativistic Navier-Stokes equation with the shear viscosity δ0. There is no
gradient of the pressure and no bulk viscosity in eq.(139) because in the state
(115) (with constant χ and β ) in our approximation the fluid is incompressible
and has constant pressure.
We can see that the friction changes the value of E + ΠE . Apart from this
minor change we obtain the same hydrodynamics which we could have derived
from the diffusion theory of sec.3 with fµ = 0 (preserving the conservation of
the energy momentum;in the equation for energy balance the friction would
appear). In our definition of uµ as proportional to the current we have chosen
the Eckart convention [35]. This means that in general the energy momentum
tensor describes a certain heat flow. We would need σ1 = δ0 to eliminate the heat
flow. We do not expect such an equality to be satisfied for the same reason as in
Weinberg’s discussion [44] of the Thomas model when the general decomposition
of the energy momentum depends on the definition of the temperature. For a
complete discussion of the heat flow we would need x-dependent χ and β in
eq.(115). If there is no heat flow ( σ1 = δ0) then in the fluid rest frame we
obtain the Navier-Stokes term △uj in the fluid equation (139). We cannot
formulate a closed hydrodynamic scheme in the sense of Israel and Stewart [45]
in the approximation which we are applying in this section, in order to check its
causality and thermodynamic stability [46]. For this purpose we would have to
discuss the hydrodynamic evolution of the general state (115) to higher orders
of perturbation.
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10 Summary
The assumption of a continuous mass spectrum enables us to work in an ex-
plicitly covariant way treating all components of the momentum on the same
footing. We have studied the possible relativistic diffusions either by search-
ing positive definite diffusion matrices or approximating random dynamics by
a diffusion. The latter method shows that the relativistic diffusion really arises
in physical systems. We have studied in more detail the random electromag-
netic field applied in quantum optics for a description of photons in cavities at
finite temperature. We identified the non-zero expectation value of the electric
current as a possible source of friction leading to the Ju¨ttner equilibrium. The
resulting diffusion may have an application to relativistic streams of particles
encountered in astrophysics [47] and in high-energy physics [48]. In secs.7-9
we have shown how to apply standard methods (widely used in the case of the
Boltzmann equation) for a statistical and hydrodynamic description of a stream
of relativistic diffusing particles satisfying the diffusion equation. In this way we
could relate methods based on the diffusion equation [48] to the ones using the
hydrodynamic equations in heavy ion physics [37][49]. The relativistic diffusion
equation can also supply new ways of approaching the problems of relativistic
statistical physics and relativistic hydrodynamics by means of methods applying
differential equations rather than the integral equations of the Boltzmann type.
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